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Abstract.

In this paper, we derive explicit expressions for the concentrations of ligand L,
target R and ligand-target complex RL at steady state for the classical model describing targetmediated drug disposition, in the presence of a constant-rate infusion of ligand. We demonstrate
that graphing the steady-state values of ligand, target and ligand-target complex, we obtain
striking and often singular patterns, which yield a great deal of insight and understanding about
the underlying processes. Deriving explicit expressions for the dependence of L, R and RL on the
infusion rate, and displaying graphs of the relations between L, R and RL, we give qualitative and
quantitive information for the experimentalist about the processes involved. Understanding
target turnover is pivotal for optimising these processes when target-mediated drug disposition
(TMDD) prevails. By a combination of mathematical analysis and simulations, we also show that
the evolution of the three concentration proﬁles towards their respective steady-states can be
quite complex, especially for lower infusion rates. We also show how parameter estimates
obtained from iv bolus studies can be used to derive steady-state concentrations of ligand, target
and complex. The latter may serve as a template for future experimental designs.
KEY WORDS: constant-rate infusion protocol; drug disposition; drug-target interaction.

INTRODUCTION
In recent years, target-mediated drug disposition has
become an important topic in drug discovery and clinical
development (cf. Sugiyama et al. (1), Levy (2), Mager and Jusko
(3), Gibiansky et al. (4), Lowe et al. (5), Wagner (6), and also,
historically developed for enzyme expression, Michaelis and
Menten (7)). Since it combines such diverse processes as drug
binding to a target and forming a complex, target turnover, nonspeciﬁc drug clearance and drug-target complex internalisation,
each with its own kinetic process, even the simplest, onecompartment model, such as shown in Fig. 1, displays a rich and
complex scala of disposition patterns.
This complex disposition pattern in plasma is often
captured after intravenous bolus dosing. In Fig. 2, we show
schematically the different phases of a compartmental model
involving a circulating target and complex (cf. (8)).
In the ﬁrst phase (A), drug and target equilibrate (often
rapidly). During the second phase (B), the target route is
saturated and drug is mainly eliminated via a ﬁrst-order nonspeciﬁc clearance mechanism. During the third phase (C), the
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target is partly saturated and drug is eliminated via a mixed-order
process, and in the ﬁnal, fourth phase (D), the drug concentration
is so low that elimination is a linear ﬁrst-order process with nonspeciﬁc as well as elimination through the drug-target complex.
The ubiquitousness of this model in practical situations (cf.
(9–15)), as well as the elegance of its structure, has attracted
attention from a practical as well as from a theoretical
perspective. Important issues included (i) reduction of the
model on the basis of the assumption that one or several of the
processes have quickly reached equilibrium (cf. (4,16,17)) and
(ii) parameter identiﬁcation on the basis of characteristic
features of ligand versus time data sets (cf. (8)) and, to a lesser
extent, from ligand-receptor complex data sets.
Hitherto, the main focus has been on the analysis of data
sets obtained after a rapid intravenous injection and the analysis
of the different phases exhibited by the ligand versus time curves
(cf. Peletier and Gabrielsson (8,18)). These disposition curves
work well when high-resolution data are available at two or
more doses showing phases (A) to (D) (cf. Fig. 2). However, the
bioanalytical method may be a limiting factor if the limit of
quantiﬁcation falls above the terminal phase, and consequently
reducing the disposition characteristics.
In this paper, we establish the relationships between
target R and complex RL as a function of ligand L or input of
ligand In. This allows us to directly assess the exposure of
ligand (or input rate) that is required to suppress target to a
certain extent or build up of target-ligand complex. As an
alternative to iv bolus dosing, we also explore the potential
use of constant-rate infusions.
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Fig. 1. Schematic description of the one-compartment (left) and the two-compartment (right) model for target-mediated
drug disposition involving ligand (L) binding target or receptor (R), yielding ligand-target complex (RL), target turnover,
non-speciﬁc ligand elimination and ligand-complex internalisation. The right-hand model is described in Appendix A

METHODS
In the event of a constant-rate infusion protocol, graphs
of steady-state values of ligand Lss, receptor Rss and ligandreceptor complex RLss versus the infusion rate In display
interesting characteristics. We present analytical expressions
for typical properties of these graphs, such as the height and
the slope of the different segments and sharp transitions.
These explicit expressions provide an excellent diagnostic
tool for studying the impact of the different parameters in the
target-mediated drug disposition (TMDD) system.
Basic Model
We focus primarily on the basic, one-compartment
version of the TMDD model shown in Fig. 1 (left). In
mathematical terms, it is given by the system of differential
equations.
8
dL
>
>
>
>
>
dt
<
dR
>
dt
>
>
>
>
: dRL
dt

ClðLÞ
In
L
− kon L⋅R þ koff R L −
V
V
¼ ksyn − kdeg R − kon L⋅R þ koff RL


¼ kon L ⋅ R − koff þ keðRLÞ R L
¼

ð1Þ

where L, R and RL denote the concentrations of ligand (or
drug), target (or receptor) and ligand-target complex, In

denotes the infusion rate of ligand and V denotes the volume
of the compartment. The rate constants kon and koff denote
the second-order on and ﬁrst-order off rate of ligand-receptor
binding and Cl(L) the non-speciﬁc clearance of ligand from
the central compartment. Through internalisation, ligandtarget complex leaves the system according to a ﬁrst-order
process with a rate constant ke(RL). Finally, target synthesis
and degradation are modelled by, respectively, zeroth- and
ﬁrst-order turnover rates ksyn and kdeg.
Analysing this model, it becomes clear that ligand
infusion and target synthesis can be viewed as parallel
processes, and so do non-speciﬁc ligand clearance and
internalisation of ligand-target complex. Therefore, these
processes are best described by quantities of equal dimension.
Thus, we deﬁne the scaled ligand infusion rate kinfus and nonspeciﬁc elimination rate constant ke(L):
ClðLÞ
In
ð2Þ
and
keðLÞ ¼
V
V
In the presence of a constant-rate infusion of ligand In,
the ligand- receptor- and ligand-receptor concentrations
converge towards their steady-state concentrations Lss, Rss
and RLss. It turns out that the graphs of these steady-state
concentrations versus the infusion rate In have a complex
structure and reveal a great deal about the system and its
different sub-processes.
Typically, these graphs are linear for high and low
infusion rates and exhibit, an often sharp, transition between
these regimes. We obtain analytical expressions for the height
and the slope of these different segments and the infusion
rate where the graphs show a transition. These explicit
expressions provide an excellent diagnostic tool for studying
the impact of the different parameters in the TMDD system
(1).
An important determinant in assessing the dynamics of
complex systems is the time it takes to reach, say 90 or 95%
of the steady-state value of the concentration when prior to
the initiation of the infusion, the system is at baseline, i.e.
when
kinfus ¼

Lð0Þ ¼ 0;
Fig. 2. Typical pattern for a ligand versus time graph in targetmediated drug disposition after an iv bolus dose. The concentration
of the ligand is displayed on a logarithmic scale. Note that linear ﬁrstorder clearance prevails at high concentrations, when the target is
saturated, and at low concentration, when both non-speciﬁc and
target clearance are involved

de f

Rð0Þ ¼ R0 ¼

ksyn
;
kdeg

RLð0Þ ¼ 0

ð3Þ

Evidently, this time will depend on the steady-states concentrations Lss, Rss and RLss, which in turn depend on the
infusion rate In.
It is well known that conservation laws and balance
equations, in this case of ligand and target, are useful in
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analysing the TMDD system ((3,4,8)). The total amount of
ligand (Ltot) and of receptor (Rtot), given by
Ltot ¼ L þ RL

and

Rtot ¼ R þ RL

ð4Þ

are seen to satisfy the following pair of equations:
8
dL
>
< tot
dt
>
: dRtot
dt

¼ kinfus −keðLÞ L−keðRLÞ RL

ð5Þ

¼ ksyn −kdeg R−keðRLÞ RL

in which, conveniently, the on and off rates of ligand-receptor
binding, kon and koff, no longer appear. We recall from (8) that the
total receptor concentration is limited, irrespective of the amount
of ligand supplied. Speciﬁcally, it was shown that for all t ≥0,
Rtot ðtÞ ≤maxfR0 ; R g

where

de f

R ¼

kdeg
ksyn
¼
R0
keðRLÞ keðRLÞ

ð6Þ

Thus, R* is the universal maximum of the total target
concentration; it is a fundamental target concentration, such
as the baseline target concentration R0.
RESULTS

behaviour is not intuitive by observing the ligand
concentration-time course after a bolus dose.
As shown in Fig. 3, the steady-state ligand concentration
increases monotonically with increasing infusion rate. Therefore, it is also possible to view Rss and RLss as functions of the
ligand concentration Lss. The graphs of these functions are
shown in Fig. 4 with ligand concentration on a logarithmic
scale and the concentrations of receptor and ligand-receptor
complex on a linear scale. This is done for two data sets: on
the left for data taken from Peletier and Gabrielsson (8) and
Gabrielsson and Weiner (15) given in Table I, and on the
right for data from (19), given in Table II:
In both graphs, the receptor concentration Rss approaches
the baseline receptor concentration R0 as the ligand concentration drops down to zero and vanishes when the ligand
concentration becomes large. Similarly, the complex concentration RLss ﬁrst increases and then approaches a plateau when
ligand concentrations become large. The ligand concentration
L50 at which half of the maximum value of receptor as well as of
complex is attained appears to be close to 0.1 mg/L.
Note that in the two ﬁgures, the order of R* and R0 is
different. As we see from (6), the relative magnitude of R*
and R0 is determined by the two receptor elimination rate
constants: kdeg and ke(RL). In Table I, kdeg > ke(RL) and hence
R∗ > R0, and in Table II, it is the other way around.
Explanations of the Graphs in Figs. 3 and 4

Equilibrium Relationships
We use the disposition parameters obtained from a bolus
experiment (cf. (8)) in order to predict the equilibrium
relationships between ligand, receptor, ligand-receptor complex and infusion rate. They are listed in Table I below.
In order to acquire an impression of the way these
concentrations depend on the infusion rate, we show graphs
of these equilibrium concentrations versus the infusion rate in
Fig. 3 for the parameter values listed in Table I. In the left
panel, the concentrations are given on a linear scale; in the
right panel, they are given on a log-log scale.
These graphs clearly reveal some of the intrinsic properties
of the TMDD model: a two-phase ligand curve which displays a
linear concentration versus infusion rate relationship at low and
high infusion rates joined by an intermediate range of infusion
rates in which the nonlinear contribution of the target route
kicks in (compare with Fig. 2). When clearance through the
target route becomes saturated, as kinfus = In/V approaches ksyn,
the ligand concentration increases disproportionately with
increasing infusion rate. At high infusion rates, disposition is
linear again and there exist proportionality between ligand
concentration and infusion rate (except for a shift). This

In order to explain and quantify some of the properties
of the curves for Lss, Rss and RLss shown in Figs. 3 and 4, the
equations for the total amount of ligand and receptor (4)
offer a good starting point. The two equations of the system
(5) yield the following relations between the steady-state
concentrations:
8
>
>
< Lss
>
>
: Rss

¼

1 

kinfus −keðRLÞ RLss



keðLÞ

1 
¼
ksyn −keðRLÞ RLss
kdeg

ð7Þ

We see that as the ligand-receptor concentration RLss
increases, the receptor concentration Rss decreases. However,
at some point the receptor pool is exhausted. Since clearly
Rss ≥ 0, the second equation of (7) implies that

RLss ≤ R ¼

ksyn
keðRLÞ

ð8Þ

Table I. Parameter Values Used in Simulations

ke(L)

kon

koff

ksyn

kdeg

ke(RL)

R0

R*

V

0.0015
h−1

0.091
{(mg/L)h}

0.001
h−1

0.11
(mg/L)/h

0.0089
h−1

0.003
h−1

12
mg/L

37
mg/L

0.05
L/kg

de f
de f
Note
that for

 these values, the dissociation constant is K d ¼ koff =kon ¼ 0:011 mg=L and the Michaelis-Menten constant K m ¼
koff þ keðRLÞ =kon ¼ 0:044 mg=L

Gabrielsson and Peletier

Fig. 3. The steady-state concentrations Lss, Rss and RLss graphed versus the infusion rate
kinfus, on a linear scale (left) and on a log-log scale (right) for parameter values taken from
Table I. (MatLab code: tmdd5infus1a.m)

Therefore, when Rss has dropped to zero, no further rise
in complex formation is seen and the concentration remains
at a plateau RLss ≈ R∗ for larger infusion rates.
Thus, if the therapeutic (or pharmacodynamic) response
depends on complex formation (complex exposure), increasing the
ligand infusion rate much above the endogenous target synthesis
ksyn rate will no longer increase the complex concentration.
Because of their complex and non-trivial structure, the
graphs shown in Figs. 3 and 4 can reveal a great deal of
information about the processes involved in the TMDD
model. Much of this information can be extracted from the
explicit expressions that can be derived for Lss, Rss and RLss.
Evidently, thanks to the two relations in (7), it is sufﬁcient to
derive an expression for RLss. This is done by equating each
of the right hand sides of the equations in the system (1) to
zero. Then, using (7) to eliminate the steady-state values of L
and R, one obtains a quadratic equation in RLss. Solving this
equation yields the expression:
RLss ¼

1
2keðRLÞ



q
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
kinfus þ ksyn ð1 þ θ⋅κm Þ−
kinfus þ ksyn ð1 þ θ⋅κm Þ −4kinfus ksyn ;

ð9Þ

in which
kinfus ¼

In
;
V

θ¼

keðLÞ
;
keðRLÞ

κm ¼

Km
R0

and

Km ¼

koff þ keðRLÞ
kon

ð10Þ

Clearly, as more ligand is supplied to the system, more of
it binds to the receptor and eventually, the free receptor pool
is consumed. According to (7), (8) and (11) this means that
RLss approaches R* from below as the ligand concentration
Lss increases.
For small values of ligand, i.e. when kinfus is small, ligand
is eliminated directly through non-speciﬁc elimination (ke(L))
and through internalisation of the receptor (ke(RL)). Evidently, when the non-speciﬁc route dominates, i.e. ke(L) is
large, there will be little ligand left to bind to the receptor and
RLss will be small. In the limits shown in (11), we see this
trend conﬁrmed and quantiﬁed. Conversely, when the nonspeciﬁc route is limited, most of the elimination takes place
through internalisation, with its associated rate constant
(ke(RL)). Similarly, when kon is large and hence Km small,
most of the ligand rapidly binds the receptor and will be
eliminated through internalisation, as shown in Eq. (11).
For Lss, the ﬁrst equation of (7), in combination with
(11), yields:
8
>
>
Lss
>
>
>
>
>
<


1 
kinfus −ksyn
keðLÞ
keðLÞ
Km
keðRLÞ
1
∼
⋅kinfus
keðLÞ
keðLÞ
R0 þ
Km
keðRLÞ
∼

>
>
>
Lss
>
>
>
>
:

as

kinfus → ∞

as

kinfus → 0

ð12Þ

and for Rss, the second equation of (7) and (11) yields:
A detailed derivation of this formula for RLss can be
found in Appendix B.

8
Rss
>
>
>
>
<

Expressions for Small and Large Infusion Rates

Rss
>
>
>
>
:

By an elementary computation we deduce from the
expression given in (9), the following limiting behaviour for
RLss when kinfus becomes large and when it becomes small1:
8
>
>
>
RLss
>
>
<
RLss
>
>
>
>
>
:

1

→
∼

ksyn
¼ R
keðRLÞ
1
R0
⋅kinfus
keðLÞ
keðRLÞ
R0 þ
Km
keðRLÞ

as

kinfus → ∞

as

kinfus → 0

ð11Þ

f(x) ∼ A ⋅ g(x) as x → 0 (∞) if: f(x)/g(x) → A as x → 0 (∞).

→ 0
B
B
∼R0 B1−
@

1

as

kinfus → ∞

C
R0
C
⋅kinfus C
keðLÞ
A
R0 þ
Km
keðRLÞ

as

kinfus → 0

0

ð13Þ

In order to understand the ligand curves in the right
hand panel of Fig. 3 where Lss and kinfus are both plotted on a
logarithmic scale, we translate the limits in (12) to the
logarithmic coordinates. This yields the following limits:
8
< lnðLss Þ
: lnðLss Þ



lnðkinfus Þ
−
ln keðLÞ


keðRLÞ R0
∼lnðkinfus Þ−ln keðLÞ −ln 1 þ
keðLÞ K m
∼

as

kinfus → ∞

as

kinfus → 0

ð14Þ

Thus, at the high and the low end, the logarithmic ligand
graph of Fig. 3 approaches parallel straight lines L+ and L−
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Fig. 4. RLss and Rss versus Lss for the parameter values of Peletier and Gabrielsson (8) in
Table I (left) and for those of Cao and Jusko (19) in Table II (right). The parameter L50 is
given by Eq. (20). It is a conglomerate of target turnover properties, binding properties
and removal of complex

with slope +1: for small ligand, it is L− and for large ligand, it is
L+. By (14), the line L− is seen to be lower than L− by an amount
ΔL given by
keðRLÞ R0
ΔL ¼ ln 1 þ
keðLÞ K m

ð15Þ

The lines L+. and L− with slope +1 and the shift ΔL between
them are illustrated in Fig. 5.

Singular Behaviour at the Transition
An interesting feature of the three curves for Lss, Rss and
RLss in the left panel of Fig. 3 is that they are approximately
piecewise-linear with a kink in each of them, close to the
infusion rate where Rss vanishes.
The reason for this special shape is the fact that for the
parameter values given in Table I, the dimensionless constant
κm = Km/R0 is very small, and the two elimination rates ke(L)
and ke(RL) are comparable (κm = 0.0037 and ke(RL) = 2ke(L)).
Expanding the expression for RLss in (9) in terms of small
values of κm, we obtain
8
kinfus
>
>
<k
eðRLÞ
RLss ðκm Þ→
ksyn
>
>
:
keðRLÞ

if

kinfus < ksyn

if

kinfus > ksyn

as κm → 0

ð16Þ

Details of the derivation of the two limits are given in
Appendix B.

By the expressions (7) for Lss and Rss in terms of RLss,
this implies that as κm → 0,
8
<0

1 
Lss ðκm Þ→
kinfus −ksyn
:
keðLÞ

if

kinfus < ksyn

if

kinfus > ksyn

if

kinfus < ksyn

if

kinfus > ksyn

ð17Þ

and
8

< 1 
k −k
Rss ðκm Þ→ kdeg syn infus
:
0

ð18Þ

These expressions explain the singular character of the
graphs shown in Fig. 3.
Relation Between Equilibrium Concentrations of RL and R,
and L
Whereas in the previous formula’s RLss, Rss and Lss were
expressed as functions of kinfus, it is also possible to express
RLss and Rss as functions of Lss. Since the ligand concentration Lss increases monotonically with the infusion rate kinfus,
the function Lss(kinfus) may be inverted to yield a function of
the form kinfus(Lss). Substituting this function into (9), we
obtain the desired relation between RLss and Lss. Using (7),
this also gives the relation between Rss and Lss. These
relations are shown graphically in Fig. 4 for the parameter
values of Tables I and II.

Table II. Parameter Values Cao and Jusko (2014) (19)

ke(L)

kon

koff

ksyn

kdeg

ke(RL)

R0

R*

V

0.00038
h−1

0.1
{(nM)h}−1

0.001
h−1

0.1
(nM)/h

0.01
h−1

0.03
h−1

10
nM

3.3
nM

2.6
L

For these values, the dissociation constant is Kd = 0.01 nM and the
Michaelis-Menten constant is Km = 0.31 nM

Fig. 5. Steady-state ligand concentration Lss versus the ligand
infusion rate In on a log-log scale demonstrating the two parallel
lines L+ and L− with slope +1 and the relative shift ΔL
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In fact, the resulting relations prove surprisingly simple,
they are:
RLss ¼ R

Lss
Lss þ L50

Rss ¼ R0

and

L50
Lss þ L50

ð19Þ

in which
R ¼

ksyn
kdeg
¼
⋅R0
keðRLÞ keðRLÞ

and

L50 ¼

kdeg
⋅K m
keðRLÞ

ð20Þ

The details of this derivation are given in Appendix B.
Thus, the L50 parameter can be directly estimated from data
obtained after iv bolus dosing (cf. Tables I and II).
Disposition from a Clearance Perspective
One may also approach the impact of the ligand infusion
rate on the steady-state ligand concentration Lss through the
notion of clearance, which is related to Lss by:
Lss ¼

In
kinfus ⋅V
¼
CL
CL

ð21Þ

At low ligand exposure (Fig. 6 (left), at 1), the target
route of elimination is not saturated and total clearance of
ligand CL is the sum of two ﬁrst-order processes, namely nonspeciﬁc clearance Cl(L) and a ﬁrst-order clearance via the
target route Cl(RL), i.e.
CL→CleðLÞ þ CleðRLÞ

as

In→0

ð22Þ

Using the limiting behaviour of Lss as kinfus tend to zero
from Eq. (12) and the relation between Cl(L) and ke(L) from
Eq. (2), we ﬁnd that

ClðRLÞ ¼ keðRLÞ

keðRLÞ
R0
⋅V ¼
kon R0 ⋅V
Km
koff þ keðRLÞ

ð23Þ

At high exposure (Fig. 6 (left), at 3), the target route is
saturated and only ﬁrst-order non-speciﬁc clearance remains,
i.e.
CL→ClðLÞ

as

ð24Þ

In→∞

Again, ligand disposition follows ﬁrst-order kinetics.
Between these two exposure ranges (Fig. 6 (left), at 2), a
mixed-order elimination process dominates where the target
route clearance is concentration-dependent.
One may compare this diagram with a diagram showing
ligand concentration at steady state as a function of infusion
rate of ligand (Fig. 6, right), as is done in the graphs shown in
Fig. 3. The two phases show up here as different slopes: at
low infusion rates and hence low ligand concentrations, CL is
high and hence the slope is small, whilst for high infusion
rates, the slope is large.
At intermediate concentrations, the system behaves as a
nonlinear system. Slope is getting higher because clearance is
getting lower and approaches eventually that of non-speciﬁc
clearance.
Evidently, Cl(RL) increases with increasing internalisation
rate ke(RL), although, clearly, Cl(RL) is bounded by the
amount of target and the rate of the ligand binds to the target:
ClðRLÞ →kon R0 ⋅V

as

keðRLÞ →∞

ð25Þ

Note that Cl(RL) depends linearly on the target expression level R0 = ksyn/kdeg, i.e. the target baseline concentration.
Therefore, the higher the target turnover the higher the
clearance via the target route becomes. In two subjects with
the same target level expression R0, but with different
turnover rates (and target half-lives), clearance via target will
be highest when turnover of target is highest. It follows from
the expression in (21) that the same limit for Cl(RL) holds if
the dissociation rate Kd = koff/kon tends to zero.
For the parameter values of Table I, the limits in (22)
and (25) are CL → 0.0015 L/h as In → ∞ and CL → 0.82 L/h
as In → 0. These limits are conﬁrmed by the simulated
clearance versus infusion rate graphs shown in Fig. 7 below.

Fig. 6. Left: Clearance of ligand CL as a function of ligand concentration Lss . Right:
Ligand steady-state concentration Lss as a function of ligand infusion rate In. At low ligand
concentrations Lss and infusion rates (1), the elimination of ligand is ﬁrst-order and
clearance is constant. When ligand concentrations increase the disposition of ligand
becomes mixed-order (2), and at high ligand concentrations (3) only non-speciﬁc ﬁrst-order
elimination of ligand prevails
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state Lss, and in particular, how long it takes to do so, we
show in Fig. 8 a series of ligand versus time graphs for
different infusion rates kinfus, where L is normalised with
respect to its large time limit Lss. Thus, by construction, for
de f
each infusion rate, xðtÞ ¼ Lðt Þ=Lss →1 as t → ∞.
Figure 8 displays a rich scala of different ligand versus
time graphs, as the infusion rate kinfus increases: on the left,
the normalised ligand concentration x(t) and on the right, the
difference between the scaled ligand concentration and its
limit, 1−x(t), to assess the rate of convergence. We make the
following observations:

&
Fig. 7. Clearance CLss = In/Lss graphed versus the infusion rate kinfus,
on a log-log scale for parameter values taken from Table I. Note the
sharp transition at kinfus = ksyn = 0.11 (mg/L) h− 1

The limiting expressions for CL shown in Eqs. (22) and
(24) clearly reveal the relative importance of the two
clearance mechanisms: non-speciﬁc clearance (Cl(L)) is present for all infusion rates (or ligand concentrations) while
target mediated clearance (Cl(L) + Cl(RL)) becomes signiﬁcant
for smaller infusion rates (cf. Fig. 7).
We have highlighted different aspects of target-mediated
drug disposition at different steady-state concentrations of ligand
Lss, target Rss and complex RLss. Thus, we have seen that
equilibrium relationships reveal interesting (diagnostic) patterns.
While this manner of dosing may not be the primary
regimen, we envision that certain experimental situations may
beneﬁt from it, particularly when studying the impact of a slow
or fast target turnover process or when further knowledge about
target turnover is sought, or when the limit of detection of
ligand, target or complex is above the terminal phase.
Time to Steady-State

For smaller infusion rates, speciﬁcally for kinfus <
ksyn, the graphs show a clear two-phase structure: a
very rapid upswing towards an intermediate value L,
which we refer to as the plateau value, followed by a
much more gradual rise towards the steady-state Lss.
As the infusion rate increases, the plateau value is
seen to decrease, and as kinfus ≈ ksyn, then L≈0 and
the two-phase structure is no longer in evidence.
&
For larger infusion rates, kinfus > ksyn, the right hand
panel of Fig. 8 suggests that the scaled ligand concentration L(t)/Lss follows a mono-exponential graph for
all time 0 < t < ∞. This graph does not appear to change
much as the infusion rate increases further.
&
Note that for kinfus ≈ ksyn the ligand graphs in
Fig. 8 show anomalous dependence on the infusion
rate: for small values of kinfus, the ligand curves drop
as kinfus increases, but this trend is reversed when
kinfus comes close to ksyn.
&
The half-life of the ultimate convergence towards the steady state differs for small and for large
infusion rates. For the parameter values of Table I,
the half-life is shorter for small infusion rates than it
is for large infusion rates.
Summarising, the nonlinearity of the TMDD system (1)
is evident from Fig. 8; it shows how the disposition changes
qualitatively as well as quantitatively as the infusion rate goes
from small to large, in relation to the endogenous target
synthesis rate ksyn.

Whereas so far we have focussed on the steady-state
concentrations of the compounds as they are impacted on by
a constant ligand infusion rate In or kinfus, we here discuss
what determines the time to steady-state, e.g. the time it takes
the ligand concentration L(t) to reach 90% of steady state
when the infusion is switched on and to drop to 10% of the
steady-state value when the infusion is switched off. For
practical as well as diagnostic purposes, this is an important
quantity. For instance, in questions involving disease progression, it is important to make long-term predictions on the
basis of relatively short-term data sets.
In nonlinear models, one can often distinguish different
phases in the concentration-time courses, such as a fast and a
slow phase, associated with different sub-processes. Such a
structure may offer a handle to acquire detailed quantitative
information about the disposition. This, in turn, may then
yield estimates for parameters involved in the system. In the
absence of such a clear structure, one may have to rely on
simulations as shown in Fig. 8 or merely on limiting situations,
such as large or small infusion rates.

Because of the nonlinear dependence on the infusion
rate we ﬁrst focus on large and small values of kinfus. Then,
through a more detailed analysis of the structure of the ligand
graphs, we gain insight into the disposition, and the time to
steady-state, for intermediate infusion rates.

Simulations for Small and Large Rates of Infusion

dL
¼ kinfus −keðLÞ L−ksyn
dt

In order to acquire a ﬁrst impression about the manner
in which the ligand concentration L(t) approaches its steady-

Hence, the terminal slope and the corresponding half-life
are then given by

Analysis of the Structure of the Disposition

Large Infusion Rate
For values of kinfus larger than the critical value ksyn the
amount of ligand in the system rapidly causes the target route
to be saturated so that the ligand dynamics is well approximated by the equation
ð26Þ
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Fig. 8. Ligand versus time graphs, scaled with respect to their limiting value Lss, for
infusion rates that straddle the critical rate kinfus = ksyn. In this example, ksyn = 0.11 h− 1 (cf.
Table I)

λz ¼ keðLÞ

and

t 1=2

lnð2Þ
V
¼
¼
⋅lnð2Þ
keðLÞ
CLðLÞ

ð27Þ

For the value of the elimination rate ke(L) given in
Table I, this amounts to t1/2 = 462 h, which agrees with the
simulation shown in Fig. 8.
Small Infusion Rate
For small infusion rates the ligand versus time graphs in
Fig. 8 exhibit a distinct two-phase structure: (i) A brief initial
phase in which L(t) jumps to an intermediate value L, (ii) A
subsequent long phase in which L(t) climbs from L to its
ultimate steady-state Lss. The reason is that for small infusion
rates the receptor has a relatively large capacity and quickly
absorbs the ligand pumped into the system.
As is well known, the disposition of nonlinear systems
critically depends on the values of the parameters in the
system. In the analysis below we make the following
assumptions. They are the same as made in (8):
Kd
A:ε¼
≪1:
R0

keðLÞ kdeg keðRLÞ
B:
;
;
<M
koff koff koff

ð29Þ

Therefore, ligand is absorbed at the rate konR0, and
hence during this ﬁrst - absorption - phase
kinfus
kon R0

and t 1=2 ¼

ln ð2Þ
kon R0

keðLÞ keðRLÞ
þ
R0
Km

as

kinfus →0

ð31Þ

For the parameter values given in Table I the limit in
(33) is L=Lss →0:75.
In Fig. 9, we show a close-up of the short-time behaviour
of the scaled ligand curves with time, as in Fig. 8 but for
smaller infusion rates. The limiting values of the plateau value
and the half-life, as kinfus → 0, are seen to be close to the
values derived in Eq. (31).
We see that the scaled plateau value L=Lss decreases as the
infusion rate increases. In order to understand this monotonicity
property, we use the expression for the scaled plateau value of
the ligand concentration obtained by a short-time analysis of the
dynamics (cf. Appendix D). It yields the formula
L
1
kinfus
de f
¼ ϕðkinfus Þ ¼
⋅
Lss
kon R0 Lss ðkinfus Þ

ð32Þ

Remembering from Fig. 3 that the graph of Lss versus
kinfus is convex, we conclude that L=Lss is a decreasing
function of kinfus, as seen in the right panel of Fig. 9.
As the infusion rate becomes small, the steady states of
ligand, receptor and ligand-receptor complex approach the
trivial steady state: L = 0, R = R0 and RL = 0, i.e.
Lss ðkinfus Þ→0;

dL
¼ kinfus −kon R0 ⋅L:
dt

de f

Lðkinfus Þ
1
→
Lss ðkinfus Þ kon

ð28Þ

Here M is a constant that is not too large, i.e. ε⋅M ≪ 1.
The parameter values of (8) (cf. Table I) and (19) (cf.
Table II) are seen to agree with these conditions.
It can be shown that when the assumptions A and B are
satisﬁed, then for a brief initial period the ligand equation can
be well approximated by the simpler equation

LðtÞ→L ¼

Using the limit of Lss(kinfus) as kinfus → 0, given by
Eq. (12), we obtain the limit of the dimensionless plateau
value of the ligand concentration L=Lss as kinfus → 0:

ð30Þ

Note that in principle L=Lss can be calculated explicitly
from the expression for Lss obtained from (7) and (9) and
(10). Hence, for the parameter values of Table I, the shorttime half-life is 0.63 h. For details we refer to the short-time
analysis given in Appendix D.

→0

Rss ðkinfus Þ→R0 ;
as

RLss ðkinfus Þ

ð33Þ

kinfus →0

Accordingly, the terminal slope approaches that of the
convergence to the trivial steady-state:
λz ðkinfus Þ→λz;0

as

kinfus →0

ð34Þ

where λz;0 denotes the terminal slope for convergence
towards (L, R, RL) = (0, R0, 0). Subject to the assumptions A
and B given by (28), it can be shown that
λz;0 ≈keðRLÞ

and

hence

t 1=2 ≈

lnð2Þ
¼ 231 h
keðRLÞ

ð35Þ
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Fig. 9. On the left: Ligand versus time graphs, scaled with respect to their limiting value
Lss, for small values kinfus, and On the right: L=Lss versus kinfus

Therefore, for the parameter values of Table I, for small
infusion rates, the half-life is about half of what it is for large
infusion rates. For the derivation, we refer again to
Appendix C.
Thanks to the two-phase structure of the dynamics we
deduce that for small infusion rates the time to steady state is
considerably shorter than without such a structure, because
the ligand concentration quickly jumps to a plateau value L
which may be quite close to the ultimate stationary ligand
concentration Lss. For example, for the data of Table I, when
kinfus is small, L jumps about 75% of the way in a period of
2.5 h. Another half-life brings it up to ≈90% of the steadystate value Lss, much shorter than the usual 3–5 half-lives.

Washout Profiles
The practical value of washout proﬁles and steadystate conditions may be appreciated by looking at Figs. 3
and 10. Figure 10 combines both steady state and the

washout proﬁles after multiple constant-rate infusion
regimens. From a disposition point of view, the washout
proﬁles after two or more intravenous (bolus or infusion)
doses reveal at what concentrations the disposition deviates from linear ﬁrst-order conditions. The washout
proﬁles contain information about half-lives and other
parameter values. They are typically used for regression
of models after rapid iv injection doses. But nonlinear
washout proﬁles are difﬁcult to interpret and to convert to
the steady-state situation which may be appreciated by
Fig. 3.
In Fig. 10, we show simulations of a rise in plasma
concentrations followed by washout at t = 5000 h. The
disposition is seen to exhibit the same two-phase structure:
a very rapid drop followed by a slower decline to zero. As
expected, the ligand versus time graphs after washout are
similar to those observed after an iv bolus administration,
as is seen in the right hand ﬁgure in which the graph for
kinfus = 0.15 mg/L/h exhibits the characteristic TMDD
proﬁle shown in Fig. 2, without the initial phase (A).

Fig. 10. Ligand versus time graphs with L on a logarithmic scale (above), and scaled with
respect to their limiting value Lss (below), for infusion rates that straddle the critical rate
kinfus = ksyn (kinfus = 0.01, 0.05, 0.1 and 0.15 mg/L/h), as shown in Fig. 8, but in the presence
of washout at t = 5,000 h
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The maximum value of the complex RLmax will be R*, as
seen in (6). Therefore,

DISCUSSION AND CONCLUSION
This communication focuses on the kinetics of target
mediated disposition following constant-rate infusion of
ligand followed by washout. To our knowledge, this regimen
has not been considered from a mathematical/analytic
approach previously. The major topics are (i) steady-state
concentrations of L, R and RL as functions of the infusion
rate In, (ii) clearance concepts, (iii) infusion and (iv) washout
in experimental design. This study is aimed at supporting
design, interpretation of data and communication across
compounds and studies. The different topics are discussed in
a series of subsections.

RLmax ≤

ksyn
kdeg
¼ R0
keðRLÞ
keðRLÞ

ð39Þ

Hence, the upper bound is a simple function of the target
baseline R0 and the ratio kdeg to ke(RL). Again, understanding
the turnover of target (kdeg) yields pivotal information about
the level of the complex. By (19), the ratio of the complex to
target concentration at steady state becomes
kdeg Lss
RLss
¼
⋅
Rss
keðRLÞ L50

ð40Þ

Steady States of L, R and RL as a Function of In
Analytical expressions are derived of ligand L, target R
and complex RL at steady-state. They are accompanied in
Fig. 3 by graphs of Lss, Rss and RLss as functions of the ligand
infusion rate (In or kinfus). We take this further by deriving
relationships of the target and complex concentration as
functions of the ligand concentration at equilibrium (cf.
Fig. 6). The graphs are given for the parameter values in
Tables I and II. This new relationship between target R (or
complex RL) and ligand L at steady state is derived and
introduces the parameter L50:
Rss ¼ R0 ⋅

L50
Lss þ L50

where

R0 ¼

ksyn
kdeg

ð36Þ

The parameter L50, given by (20), is then the plasma
concentration of ligand at which target and complex have
their half-maximal values.
Surprisingly, when the internalisation of complex is much
faster than the off rate, i.e. ke(RL) ≫ koff, then L50 can be
approximated by the ratio of kdeg (degradation of target) and
kon (binding on rate)
L50 ≈

kdeg
kon

ð37Þ

This suggests that when the on-rate kon is high and the
fractional turnover rate of target is low, the system behaves
more irreversibly and less ligand is required. If target
turnover is increased (kdeg increases and t1/2;deg decreases),
more frequent dosing or higher doses of ligand may be
required.
Thus, if target R needs to be suppressed to a certain
extent, say to less than 5% of its baseline value R0, then
Eq. (36) yields
Rss
L50
¼
< 0:05 and hence Lss > 19  L50
R0
Lss þ L50

ð38Þ

Again, this steady-state expression is simple and may
serve as guidance for experimental design and dose selection.

Note that for the two data sets the ratio kdeg/ke(RL) is
very different:
kdeg
¼
keðRLÞ



3
0:3

ðTable1Þ
ðTable2Þ

Thus, interestingly, one can quite easily obtain the
relative burden of complex to target by means of the
expression (40). In other words, the slower target turnover
(kdeg low) relative to complex turnover (ke(RL) high), the
smaller is the complex-to-target ratio.
Finally, we recall the characteristic—often piecewise—shape of the graphs of the ligand, target and complex
concentration versus the infusion rate, with a kink located at
kinfus ≈ ksyn. The parameter that is responsible for this
behaviour is the dimensionless parameter
κm ¼

Km
R0

ð41Þ

which for both data sets, given in (8) and (19), is quite small.
Clearance Concepts
The clearance concept has since the early 1970s played a
central role in pharmacokinetics (cf. Rowland, Benet and
Graham (20,21) and Wilkinson and Shand (22)).
Clearance may, in the TMDD context be shown as a
function of ligand concentration (Fig. 6, left) or as the
inverse of the slope of ligand concentration when plotted
versus the infusion rate In (Fig. 6, right). The TMDD model
(Figs. 1 and 6) is operating between two boundaries of
clearance. One that includes ﬁrst-order elimination at low
ligand concentration L via both speciﬁc TMDD and nonspeciﬁc clearance routes. This is the upper boundary of
clearance. The lower boundary is when the target route is
saturated and the non-speciﬁc route Cl(L) is dominating.
Clearly, target-dominated clearance Cl(RL) is bounded by
target concentration and the second-order on rate when the
internalisation route ke(RL) of complex is fast. We have
derived analytical/mathematical expressions of clearance in
parallel to simulations of its dependence on the infusion
rate.
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Again, the steady-state situation reveals properties of the
system not easily obtained from bolus curves.

APPENDIX

A: Two-Compartment Model
Infusion and Washout in Experimental Design
We also put the disposition of TMDD systems into a
constant-rate infusion perspective. Even though extended
constant-rate infusion protocols are seldom applied for
antibodies, it is important to recognise its potential usefulness. For instance, in Peletier and de Winter (23), it served to
warn against effects of drugs that have a dynamics that is slow
compared to the usual time span over which clinical
experiments are conducted.
From a disposition point of view, the washout proﬁles
after two or more intravenous (bolus or infusion) doses reveal
at what concentrations the disposition deviates from linear
ﬁrst-order conditions. They contain information about halflives and other parameter values. Nonlinear washout proﬁles
are difﬁcult to interpret and to convert to the steady-state
situation which may be appreciated by Fig. 3. The constantrate iv infusion protocol, followed by the washout proﬁles is
generally a more robust approach especially when nonlinear
PK prevails. The primary reason for this is that with
increasing infusion rates the time to steady state increases,
the steady-state concentration increases disproportionately
and the ability to identify parallel mixed-order elimination
processes improves.
For a linear system, the rise of the ligand concentration
during infusion offers the possibility to measure the impact of
different infusion rates on the limiting steady-state concentrations, as well as the time to steady state which, as we have
seen, may vary considerably for different infusion rates.
Speciﬁcally, with increasing ligand infusion rates In, the time
to steady state of L increases, the steady-state concentration
increases disproportionately and the ability to identify
parallel mixed-order elimination processes increases.
The rapid drop of the ligand concentration at the
termination of the infusion yields concentration proﬁles which
are akin to those obtained by iv bolus administration, except
for the—usually brief—initial binding phase (cf. Fig. 10). Such
proﬁles have been studied extensively, (see e.g. (4) and (8))
and they often also yield considerable insight into the
different processes making up TMDD. Quite often though,
the terminal phase involves very low ligand concentrations,
sometimes too low to provide accurate data.

Conclusion
This paper highlights the impact of the nonlinear
binding, linear non-speciﬁc elimination (clearance) and linear
internalisation processes of the TMDD system with a
circulating target. We derive useful equilibrium expressions
for ligand L, target R and ligand-target complex RL. These
expressions are based on iv bolus experiments.
Simulations of Lss, Rss and RLss are then displayed as
functions of varying constant-rate infusion regimens In. These
simulations reveal, to our knowledge, new patterns of the
primary variables (L, R, RL) which are of practical value for
an understanding and experimental design point of view.

When drug is distributed over a central and peripheral
compartment with volumes V and L in the central
compartment and Vt and Lt in the peripheral compartment
the basic, one-compartment model given in (1) is extended
to include an equation for the dynamics for Lt and
becomes
8
ClðLÞ
dL
1
>
>
L
¼ ðIn−Cld L þ Cld Lt Þ−kon L⋅R þ koff RL−
>
>
>
V
dt
V
>
>
>
dL
1
t
>
<
ðCld L−Cld Lt Þ
¼
dt
Vt
dR
>
>
>
¼ ksyn − kdeg R − kon L ⋅ R þ koff R L
>
>
dt
>
>


> dRL
>
:
¼ kon L ⋅ R − koff þ keðRLÞ R L
dt
ðA:1Þ

Here Cld denotes the between-compartments clearance.
It is assumed that leakage out of the peripheral compartment
may be neglected.
Note that the steady states of the one- and twocompartment models are the same because by the second
equation in (A.1) at steady state the exchange between the
two compartments cancels.

B: Computation of Steady State
When we put the derivatives in the system (1) or (A.1)
equal to zero, we obtain a nonlinear algebraic system of three
equations involving the three steady-state concentrations Lss,
Rss, RLss:
8
< kinfus − kon L⋅R þ koff RL − keðLÞ L
ksyn − kdeg R − kon L⋅R þkoff RL
:
kon L ⋅ R − koff þ keðRLÞ R L

¼0
¼0
¼0

ðB:1Þ

For simplicity, we have omitted the subscript ßs″ from
the concentrations in (B.1), and elsewhere in this appendix.
Adding the ﬁrst and the third equation of (B.1) yields a
relation that involving only RL and L:
kinfus ¼ keðRLÞ RL þ keðLÞ L

ðB:2Þ

Adding the second and the third equation of (A.1) yields
a relation involving only terms of R and RL:
ksyn ¼ keðRLÞ RL þ kdeg R

ðB:3Þ

Using these two relations to eliminate R and L from the
ﬁrst equation, we obtain a quadratic equation for RL:


Y 2 − kinfus þ ksyn ð1 þ θ⋅κm Þ Y þ kinfus ksyn ¼ 0;

Y ¼ keðRLÞ RL

ðB:4Þ
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where θ, κm and κm are given in (10). Because the quadratic
Eq. (B.4) has a positive discriminant, it has two distinct roots,
RL+ and RL−. They are endowed with the property
keðRLÞ ðRLþ þ RL− Þ ¼ kinfus þ ksyn ð1 þ θ⋅κm Þ

RLss ¼

ðB:5Þ

Adding (B.2) and (B.3), we deduce that the steady-state
value of RL must satisfy the inequality
2keðRLÞ RL < kinfus þ ksyn

which translates into

ðB:6Þ

1
keðRLÞ

R0
⋅kinfus
keðLÞ
R0 þ
Km
keðRLÞ

as

kinfus →0 ðB:10Þ

as given in (11).
Expressions for Small κm
We now write Eq. (B.7) as follows:

This implies that the desired steady-state value of RL
must be given by the smaller of the two roots: RL−, i.e.

RL ¼

1
2keðRLÞ



q
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
kinfus þ ksyn ð1 þ θ⋅κm Þ−
kinfus þ ksyn ð1 þ θ⋅κm Þ −4kinfus ksyn

ðB:7Þ

Y¼



qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ

2
1
kinfus þ ksyn þ ε − kinfus −ksyn þ 2ε þ Oðε2 Þ
2

where ε = ksyn θ ⋅ κm is a small quantity, and expand in terms
of ε. We distinguish two cases
ðaÞ kinfus < ksyn

The two expressions (B.2) and (B.3) yield the corresponding steady-state values for L and R.

ðbÞ kinfus > ksyn

and

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ

2
kinfus −ksyn þ 2ε þ Oðε2 Þ ¼ ksyn −kinfus þ OðεÞ

The asymptotic expressions for the concentrations for
kinfus → ∞ and kinfus → 0 given in (11) can be derived from the
expression for RLss given by (B.7). For convenience, we write
it as

and


qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
k þ a− ðk þ aÞ2 −4 k b ;
2

a ¼ 1 þ θ⋅κm ;

k ¼ kinfus ;

ðB:12Þ

(a) If kinfus < ksyn, then

Expressions for Large and Small Infusion Rates

Y¼

ðB:11Þ

Y¼

 


1 
kinfus þ ksyn − ksyn −kinfus þ OðεÞ ¼ kinfus þ OðεÞ
2

ðB:8Þ
which yields

b ¼ ksyn

RLss ¼

kinfus
þ OðεÞ
keðRLÞ

as ε→0

ðB:13Þ

For large k = kinfus, we can expand this expression as


 
k
a
a 2b
1þ − 1þ −
þ O k−2
2
k
k k
 −1 
¼bþO k
as k→∞

Y¼

ðB:9Þ

(b) If kinfus > ksyn, then
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ

2
kinfus −ksyn þ 2ε þ Oðε2 Þ ¼ ksyn −kinfus þ OðεÞ

and hence
RLss ¼



ksyn
þ O k−1
infus
keðRLÞ

as kinfus →∞

and
Y¼

 


1 
kinfus þ ksyn − kinfus −ksyn þ OðεÞ ¼ ksyn þ OðεÞ
2

For small k = kinfus, we can expand this expression as
Y¼
¼



 
1
k 2b
k þ a−a 1 þ − 2 þ O k2
2
a a
 
b
k þ O k2
a

as k→0:

which yields

RLss ¼

ksyn
þ OðεÞ
keðRLÞ

as ε→0

ðB:14Þ
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as given in (16).
In order to express RL and R in terms of L, we use (B.2)
to eliminate kinfus from Eq. (B.4). After some rearrangement,
this yields the following expression in Y and X = L:



keðLÞ X þ ksyn ⋅θ⋅κm Y ¼ ksyn keðLÞ X:

and hence
Y ¼ ksyn

X
;
X þ X 50

X 50 ¼

ksyn K m
⋅
keðRLÞ R0

ðB:15Þ

ksyn
L
;
keðRLÞ L þ L50

L50 ¼ X 50 ¼

ksyn K m
⋅
:
keðRLÞ R0

ðB:16Þ

ksyn
L50
L50
⋅
¼ R0 ⋅
:
kdeg L þ L50
L þ L50

0
−kdeg
0

1
koff
A
koff


− koff þ keðRLÞ

ðC:3Þ

We assume that the matrix −A has three distinct
eigenvalues λ1, λ2 and λ3 and that Z1, Z2 and Z3 are the
corresponding eigenvectors. The General Solution of
Eq. (C.2) then takes the form
ðC:4Þ

where C1, C2 and C3 are arbitrary constants.
The eigenvalues λi(i = 1, 2, 3) are the roots of the
equation
detðA þ λI Þ ¼ 0

From (B.3), we deduce that
R¼


0 
− kon R0 þ keðLÞ
−kon R0
A¼@
kon R0

ZðtÞ ¼ C1 Z1 e−λ1 t þ C2 Z2 e−λ2 t þ C3 Z3 e−λ3 t

or
RL ¼

and A is the coefﬁcient matrix of the linear system (C.1):

We ﬁnd that

ðB:17Þ

λ1 ¼ kdeg

In Eqs. (B.16) and (B.17), L50 is the plasma concentration of ligand resulting in half-maximal concentration of
complex RL and target R at steady-state.
In Fig. 11, we show three pairs of graphs of R and RL versus
L, all at steady state, for different values of R* relative to R0: R∗ >
R0, R∗ < R0 and R∗ = R0, as derived in (B.9) and (B.10).
In light of these ﬁndings, we advocate the use of multiple
intravenous infusions at different infusion rates of ligand. Not
only information about the established steady-state concentrations of Lss, Rss and RLss is obtained but also the
relationships between them.
This has a practical application when scaling data across
species since the expressions contain target baseline concentrations R0 as well as the target turnover rates ksyn.

and λ2 and λ3 are the roots of the quadratic equation
λ2 −aλ þ b ¼ 0

ðC:5Þ

in which
a
b

¼ kon R0 þ keðLÞ þ koff þ keðRLÞ
¼ kon R0 keðRLÞ þ keðLÞ koff þ keðLÞ keðRLÞ

ðC:6Þ

Remark. Naturally, when ke(RL) = 0 then ligand will still
leak out of the system, albeit more slowly, thanks to direct
elimination of ligand. For this case, we obtain the following
terminal slope:

C: Computation of the Terminal Slope
It is well known that in the absence of infusion (kinfus = 0),
the concentrations (L, R, RL)(t) converge to the trivial steadystate (L, R, RL) = (0, R0, 0). In order to compute the terminal
slope λz for the ligand, receptor and ligand-receptor concentration proﬁles, we linearise the system (1) about this steady-state.
Writing L = ξ, R = R0 + η and RL = ζ, we obtain the linear system
8


dξ
>
>
¼ − kon R0 þ keðLÞ ξ þ koff ζ
>
>
>
dt
<
dη
ðC:1Þ
¼ − kon R0 ξ − kdeg η þ koff ζ
>
dt
>
>


>
dζ
>
:
¼ kon R0 ξ− koff þ keðRLÞ ζ
dt
when higher-order terms are omitted. It is convenient to write
this system in vector and matrix notation:
dZ
¼ AZ
dt

where

0 1
ξ
Z ¼ @ηA
ζ

ðC:2Þ

b
Kd
¼ keðLÞ
R0
a

λz ¼

ðC:7Þ

D: Short-Time Analysis
We deﬁne the dimensionless variables
x¼

L
;
Lss

y¼

R
;
R0

z¼

RL
;
R0

τ ¼ kon R0 t

ðD:1Þ

Introducing these variables into the system (1) results in
the dimensionless system
8
dx
>
>
>
>
>
dτ
<
dy
> dτ
>
>
>
dz
>
:
dτ

ε
z−εα x
ν
¼ ε β ð1−yÞ − ν x ⋅ y þ ε z
¼ ϕðkinfus Þ−x⋅y þ

¼ ν x ⋅ y − ε ð1 þ γÞ z

ðD:2Þ

Gabrielsson and Peletier

Fig. 11. Graphs of RL and R versus L at steady state when kdeg > ke(RL), kdeg < ke(RL) and kdeg = ke(RL). The concentration of the ligand is
displayed on a logarithmic scale

For the parameter values of Table I, we ﬁnd that for
small values of kinfus:

where
α¼

keðLÞ
;
koff

Kd
ε¼
;
R0

β¼

kdeg
;
koff

γ¼

keðRLÞ
;
koff

ðD:3Þ

Lss
ν¼
R0

L ðt Þ
→0:75
Lss

as t→∞

and

t 1=2 ¼ 0:63 h

ðD:9Þ

and
ϕðkinfus Þ ¼

1
kinfus
γ
→
þ εα as kinfus →0 ðD:4Þ
kon R0 Lss ðkinfus Þ
1þγ

For the parameter values of Table I, α and ε are very
small, β and γ are of moderate size and for small values of
kinfus, the parameter ν is also small. Since z(0) = 0, and x and y
are uniformly bounded, this means that z(τ) < ν τ for τ > 0 and
hence that the term ε(z(τ)/ν) in the ﬁrst equation of (D.2) is
small. Thus, for an initial period for which τ is not too large,
say τ < 4, the solution of the system (D.2) is well approximated by the solution of the reduced system
8
dx
>
>
¼ ϕðkinfus Þ−x⋅y
>
>
>
< dτ
dy
ðD:5Þ
¼
0
>
dτ
>
>
>
dz
>
:
¼
0
dτ
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