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PD11: Protocol

• Data taken from Heyes and Brown (1956) The Growth of 

Leaves.

• Water content is plotted vs distance. The resultant plot takes 

a sigmoidal shape:
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PD11: Objective

• Fit several sigmoidal models to the data:

– Logistic

– Gompertz

– Weibull

– Richards

– Morgan-Mercer-Flodin

– Hill

• The above show the flexibility of Phoenix models with respect to 

parameter names and equations. For convenience, all models are 

parameterized by α, β, γ, δ

• Hill Model: find estimates for:

– Alpha, E0

– Beta, Emax

– Gamma, EC50

– Delta, n
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PD11: Built-in sigmoidal Hill model with baseline
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PD11: Sigmoidal Models: Influence of Gamma and Delta
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Logistic Model and Equation

• The Logistic model is the simplest sigmoid model. 

• The lower asymptote is 0, upper asymptote is maximum Y. 

• This model is symmetric about the inflection point. 

• Should be used to model processes in which the point of 

inflection is approximately 1/2 of maximum Y.

• Equation: Y  =  
𝛼

1+𝑒𝛽−𝛾∙𝑥

• 3 Parameters:

– α = the curve’s maximum Y value

– β = the curve’s midpoint

– γ = the steepness of the curve
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PD11: Logistic Model: PML Code
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Gompertz Model and Equation

• The Gompertz model was originally used to model human mortality rates, 

with an a priori assumption that a person's resistance to death decreases 

as age increases. Applied examples today range from actuarial science to 

modeling bacterial growth curves.

• The lower asymptote is 0, upper asymptote is maximum Y. 

• Special case of generalized logistic function. The right-hand or future 

value asymptote of the function (maximum Y) is approached much more 

gradually by the curve than the left-hand or lower valued asymptote.

• Equation: 𝑌 = 𝛼 ∗ 𝑒−𝑒
𝛽−𝛾∙𝑥

• 3 Parameters:

– α = the curve’s maximum Y value

– β = growth rate b

– γ = growth rate c
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PD11: Gompertz Model: PML Code
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Weibull Model and Equation

• The cumulative Weibull model also known as the “stretched exponential” 

function. It adds a parameter, delta, that allows the inflection point to be 

modified.

• The upper asymptote is maximum Y, lower asymptote can be non-zero. 

• Applied: often used to model particle sizes during dissolution of a solid 

dosage form.

• Equation: 𝑌 = 𝛼 − 𝛽 ∙ 𝑒−𝛾∙𝑥
𝛿

• 4 Parameters:

– α = the curve’s maximum Y value (upper asymptote)

– β = the lower asymptote

– γ = controls x-value of the inflection point

– δ = the steepness of the curve
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PD11: Weibull Model: PML Code
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Richards Model and Equation

• The Richards model is flexible for modeling asymmetric sigmoidal curves. 

It also uses the delta parameter to modify the inflection point.

• The upper asymptote is maximum Y, lower asymptote can be non-zero. 

• Applied: growth rate curves

• Equation: 𝑌 = 𝛼/[1 + 𝑒𝛽−𝛾∙𝑥 ]

• 4 Parameters:

– α = the curve’s maximum Y value (upper asymptote)

– β = the growth rate

– γ = inflection point on the x-axis

– δ = controls x-value of the inflection point

12

Gabrielsson & Weiner, Pharmacokinetic and Pharmacodynamic Data Analysis - Concepts and Applications, 5th Edition, Swedish Pharmacology Press (2015)  



© Copyright 2015 Certara, L.P.  All rights reserved.

PD11: Richards Model: PML Code
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Morgan-Mercer_Flodin Model and Equation

• The Morgan-Mercer-Flodin model was first used to model biological 

efficiency, for example responses to presence of nutrients. 

• Allows for assymetrical growth (i.e. inflection point is not necessarily 1/2 

of the maximum). 

• The upper asymptote is maximum Y, lower asymptote can be non-zero. 

• Applied: growth rate curves

• Equation: 𝑌 =
𝛽∙𝛾+ 𝛼∙𝑥𝛿

𝛾+𝑥𝛿

• 4 Parameters:

– α = the curve’s maximum Y value (upper asymptote)

– β = the growth rate

– γ = growth rate

– δ = controls x-value of the inflection point
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PD11: Morgan-Mercer-Flodin Model: PML Code
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Hill Model and Equation

• The Hill model was originally used to describe kinetics of binding oxygen 

to hemoglobin. It is now used extensively to model pharmacodynamics.

• With parameter names such as Emax, and EC50, this is the classical 

sigmoid Emax model. 

• An exponent, gamma, can be used to modify the inflection point. Addition 

of E0 allows Y-intercept to be non-zero. 

• The upper asymptote is maximum Y, lower asymptote can be non-zero. 

• Equation: 𝑌 = 𝛼 +
𝛽∙𝑥𝛿

𝛾𝛿+𝑥𝛿

• 4 Parameters:

– α = the lower asymptote (E0)

– β = the upper asymptote (Emax)

– γ = the x-value of the inflection point (EC50)

– δ = exponent controls steepness of the curve (n)
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PD11: Hill Model: PML Code
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PD11: Hill Model with PD Parameters: PML Code
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PD11: Hill Emax Initial Estimates

• E0 = 1, from exploratory plot at X = 0

• Emax = 20, from exploratory plot at X = 20

• EC50 = 10, from ½ Emax

• N = exponent arbitrarily set to 1 (from reduced model)
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Demo
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PD11: Summary

• Fit several empirical sigmoid models to data

• Show flexibility of Phoenix model with respect to:

– Parameter Names

– Model Equations

• Derive initial estimates

• Fit the model to the data

• Review results
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PD11: Comparison Plot

• Observed and Predicted WC vs Distance for all Models:
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PD11: Model Comparison of Thetas

• Overall Table:

• Theta Table:
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PD11: Hill Model Results

• Fit

• PK Parameter Estimates
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PD11: Weibull Model Results

• Fit

• PK Parameter Estimates
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Questions?Questions?
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PML School: Materials

• Each model will be made available in Certara Forum

– Link to live webinar and presentation slides

• https://support.certara.com/forums/forum/34-pml-school/

– Model text as file download

• Can be imported into Phoenix model object to be run on a new dataset

– Questions and comments can be exchanged in the Forum

• Or can be entered into the Certara Support portal at:

– https://support.certara.com/support

• Or can be sent as emails to support@certara.com
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Certara University

• A wide range of On Demand and Classroom courses are 

available through Certara University

– Introductory, intermediate and advanced instruction in Phoenix 

WinNonlin, Population Modeling using NLME, IVIVC Toolkit

– Fundamentals of Pharmacokinetics and Pharmacodynamics

– Noncompartmental data analysis

– Programming Bootcamp

– Partner Lectures and Webinar series

• Please visit our Certara University web site for more 

information
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Coming up…
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